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Solutions to tutorial exercises for stochastic processes

Let G(x,y) be the Green function of the Markov chain. Let = be the recurrent state, so
that G(z,x) = co. We will show that state y is recurrent by showing that G(y,y) = oc.
Let t, s > 0. We use the Chapman-Kolmogorov equation twice to obtain

Pouts(Y, Y) = pe(y, ) pegs(z,y) > pe(y, 2)ps(x, )pe(z, ).

Therefore,

o0

Glyy) = / (g, y)ds > / paly, y)ds = / " porra(y,y)ds = piy, )Gl D), ).

Since the Markov chain is irreducible we have p;(y,z),pi(z,y) > 0, we conclude that
G(y,y) = oo.

‘=-": Using strict stationarity of the Markov chain we find

w(0) =P(Xo=2) =P(Xy=2) = Y _ P(X; =2, Xo =x0) = »_ w(wo)pe(0, ),

ToES ToES

so m(+) is invariant.

‘= LetneN 0<t <ty <---<t,and s > 0. Let x1,...,x, € S. We use the
invariance property of 7(-) to obtain

P(Xips = 21,00, Xpyps = 2n) = Z T(20) Pty +5(£05 T1)Pry—ty (21, %2) -+ Pt b,y (Tno1, T)

ToES

— ﬂ-(xl)ptg—h (‘rlu :L‘Q) .. ‘pt"—tnfl('xn—h xn)7

which is independent of s, so the Markov chain is strictly stationary.

Let f be a non-negative harmonic function for X. Then

|[f (@) = f(2) = E[f(2)] = E[|f()]] < o0,

so that f is bounded. Since X is irreducible and recurrent it follows that every bounded
harmonic function for X is constant.



T4. ‘=": By reversibility we have

d d
—m(x)p(z,y)| = 7Yy, v) Va,y € S
dt ! At t o

m(x)q(z,y) = 7(y)q(y, z) Vr,y € S.

‘=" Assume that 7(z)q(x,y) = 7(y)q(y, x) for all z,y € S. This can be stated as
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Since S is finite the transition probabilities P, are given by exp(tQ). Therefore
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It follows that 7(-) is reversible.



